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Abstract : Recent post-earthquake reconnaissance missions have shown a high degree of 
damage to unreinforced masonry (URM) structures. Externally bonded systems based on 
fibre-reinforced polymers (FRPs) and fabric-reinforced cementitious matrices (FRCMs) may 
be used to increase lateral capacity of existing URM walls. 
In this paper, the in-plane lateral strength of tuff stone masonry walls in both as-built and 
strengthened conditions is investigated. Diagonal FRP strips and FRCM composite are 
considered as strengthening systems. Based on capacity models as well as statistics and 
probability distributions for material properties, geometry and models, a probabilistic analysis 
was carried out through Monte Carlo simulation. Shear force versus axial force strength 
domains corresponding to several percentile levels were derived. Simplified dimensionless 
equations were finally obtained via robust regression analysis as a practice-oriented tool for 
both design and assessment of externally-strengthened masonry walls. 
  
 
Introduction  
Recent earthquakes have produced extensive damage in a large number of existing 
unreinforced masonry (URM) buildings or components, showing a need for retrofit especially 
if current building code provisions are not met. As a result, some guidelines have been 
issued in recent years to predict the in-plane lateral strength of masonry walls strengthened 
with externally bonded composites such as fibre-reinforced polymers (FRPs) (INRC, 2004; 
ACI, 2010) and fabric-reinforced cementitious matrices (FRCMs) (ACI, 2013). The use of 
externally bonded FRP composites for seismic strengthening of masonry structures is 
significantly increased in the last two decades (Stratford et al., 2004; Prota et al., 2008). 
Besides, new attractive applications involve the use of strengthening systems based on 
FRCMs, where mortar-based matrices allow to overcome some limitations of resin-based 
composites, such as sensitivity to high temperatures, moisture impermeability, flammability, 
and poor bond to the existing masonry substrate. Several experimental programmes have 
been carried out to investigate both in-plane and out-of-plane behaviour of FRCM-
strengthened masonry walls (Papanicolaou et al., 2007; Prota et al., 2006; Parisi et al., 
2013). Although some analytical capacity models have been proposed and included in 
guidelines (Parisi et al., 2011; Babaeidarabad et al., 2014), a reliability-based assessment of 
the safety level for such strengthened masonry walls is still lacking. In fact, little work has 
been done on statistical descriptors for material properties and member strengths in the case 
of masonry structures, eventually strengthened with FRP/FRCM systems. There are several 
reasons why guidelines dealing with innovative strengthening systems should follow a 
probabilistic format, including compatibility with design codes for other materials and the fact 
that reliability-based codes offer a relatively uniform level of risk. Experience over the past 
three decades in developing probability-based limit state design criteria for conventional 
construction materials points the way forward for making similar advances in guidelines for 
design and evaluation of structures strengthened with composites (Wang et al., 2010). 
This paper aims at assessing the influence of different uncertainty sources on strength 
domains for masonry walls strengthened with FRP laminates or FRCM systems. A Monte 
Carlo simulation technique was used to compute statistics of lateral capacity for case-study 
walls, incorporating material, geometrical and model uncertainties. The following masonry 
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wall type and strengthening schemes are considered: tuff stone masonry wall; double-side 
strengthening; single-ply FRP composite with diagonal layout; single-ply FRCM composite. 
Tuff stone masonry is investigated because it is one of the most common masonry types 
worldwide and is frequently used in earthquake-prone regions. Double-side strengthening 
means that the composite system is applied to both sides of the masonry wall, providing a 
higher increase in ultimate capacity than its single-side counterpart (Parisi et al., 2013). 
Especially in case of FRCM systems, this study represents a fundamental step toward the 
development of probabilistic design guidelines and codes, and a more confident use of 
composite systems in construction practice. 
 
Capacity models for as -built URM walls  
As-built URM walls may suffer one of the following failure modes under in-plane lateral 
loading: toe crushing, diagonal tension cracking, stair-stepped diagonal sliding, and bed-joint 
sliding. The first failure mode is flexure-controlled, while the others are shear-controlled. In 
this study, the lateral strengths associated with such failure modes are respectively denoted 
as Vtc, Vdt, Vsd, and Vbj. Lateral strength was computed through stress-based formulations 

(see e.g. Parisi and Augenti, 2013) in compliance with current building codes, such as 
Eurocode 8 (or EC8; CEN, 2004) and the Italian Building Code (or IBC08; IMIT, 2008). The 
URM wall is assumed to have length l, height h and thickness t. Masonry was supposed to 

be an equivalent homogeneous material with zero tensile strength, uniaxial compressive 

strength fm, diagonal tension shear strength at zero confining stress tdt, diagonal sliding shear 

strength at zero confining stress tsd, and friction coefficient ma. In case of existing masonry 
structures, IBC08 defines the design strength as mean strength (herein assumed as nominal 

strength) divided by a partial safety factor gm times a confidence factor FC (herein assumed 

equal to 1, neglecting the influence of the knowledge level). In seismic conditions, IBC08 sets 

gm = 2. Assuming an elastic-perfectly plastic (EPP) stressïstrain model for masonry, the 
actual compressive strength was reduced to fmd = 0.85fm, in order to account for nonlinear 

distributions of axial strains over cross section. The ultimate axial load of the wall was then 

set to Nu = fmd l t and was used to normalise internal forces as N = N/Nu and V  = V/Nu. The in-

plane lateral strength of as-built walls was predicted according to equations provided by 
Parisi and Augenti (2013) and the following minimum criterion: 

 ( )min ; ; ;=
m tc dt sd bj

V V V V V   (1) 

where the four lateral strengths are respectively associated with toe crushing, diagonal 
tension cracking, stair-stepped diagonal sliding, and bed-joint sliding. 
 
Capacity models for FRP-strengthened masonry walls  
The in-plane lateral strength of masonry walls externally strengthened through FRP 
laminates with diagonal layout was predicted as follows: 

 ( )min ;=n ns nfV V V   (2) 

where nsV  and nfV  are the normalised lateral strengths corresponding to shear and flexural 

failure, respectively. The former was computed through the following equation: 

 = +
ns m f

V V V   (3) 

where 
m

V  and 
f

V  are the shear strength contributions from masonry and FRP reinforcement, 

respectively (Marcari et al., 2007; Prota et al., 2008). In case of external FRP strengthening 
with diagonal layout, a truss resisting mechanism develops under in-plane lateral loading. 
This increases the lateral strength associated with shear failure without significant 
enhancement in bending capacity (INRC, 2004). As a result, if the as-built URM wall is 
expected to fail in flexure, the FRP diagonal reinforcement is not effective to increase the in-
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plane lateral strength so that =
nf tc

V V . In Eq. (3), the shear contribution from FRP 

reinforcement with diagonal layout was estimated according to Prota et al. (2008), which 
used a strut-and-tie model where a diagonal masonry strut withstands compression stresses 
and an FRP strip carries tensile stresses. The shear contribution from diagonal FRP 
reinforcement layout was predicted as the horizontal component of the maximum tensile 
force transmitted by the FRP strips in tension (here denoted by Ffrp), as follows: 

 
cosa

=
frp

f

u

F
V

N
  (4) 

where a is the angle of diagonal FRP strips in tension to the horizontal direction. The tensile 
strength of the FRP strips is given by: 

 e=
frp fd f fd

F E A   (5) 

where: efd is the design strain of FRP reinforcement; Ef is the Youngôs modulus of FRP 
reinforcement; Afd is the area of diagonal FRP strips in tension. In both ACI440.7R-10 (ACI, 

2010) and CNR-DT200 (INRC, 2004), the design strain may be determined as a function of 
an environmental reduction factor (depending on the fibre type and exposure conditions) and 
the manufacturer-guaranteed (i.e., nominal) ultimate rupture strain of the FRP reinforcement. 
The latter strain is defined as the mean ultimate rupture strain minus three standard 
deviations (ACI, 2010) or as characteristic tensile strain, i.e. the tensile strength with 95% 
probability of exceedance according to material specifications (INRC, 2004)3. This truss 
model was also applied by Stratford et al. (2004) and Krevaikas and Triantafillou (2005). The 
area of diagonal FRP strips is Afd = Nplies wfrp tfrp, where: Nplies is the number of FRP plies (Nplies 

= 2 in the case of single FRP plies on both wall sides); wf is the width of FRP ply; tf is the 

thickness of FRP ply. According to CNR-DT2004, efd is the minimum between the ultimate 

tensile strain efdu and the debonding strain of FRP efdd. Prota et al. (2008) recommended to 
amplify the debonding strain provided by CNR-DT200, which is associated with end 
debonding of FRP strips. Actually, such a failure mode does not take place if diagonal strips 
are connected by horizontal wraps both at the base and top of walls (Marcari et al., 2007). 
The FRP-strengthened wall may then suffer intermediate debonding instead of end 
debonding. If the end debonding strain is defined as: 

 
,

,

21
e

g g

G
=

fm

fdd end

f ff d m
E t

  (6) 

the intermediate debonding strain is given by efdd = kcr efdd,end, where kcr is set to 3. In Eq. (6), 

Gfm is the mean specific fracture energy of the FRP-strengthened masonry. This energy 
depends on fm and mean tensile strength of masonry ftm, as follows: 

 
1

G =
fm m tm

c f f   (7) 

where c1 is an experimental coefficient. Prota et al. (2008) recommended to assume c1 equal 

to 0.045 in case of natural stone masonry walls and 0.3 in case of clay brick masonry walls. 
CNR-DT200 guidelines suggest c1 = 0.015 and ftm = 0.1fm unless experimental data are 

available, and to assume gf,d = 1.20 as material partial safety factor for debonding into Eq. (6). 

 
Capacity models for FRCM-strengthened masonry walls  
The in-plane capacity model for URM walls externally strengthened with FRCM composites 
is provided by ACI549-13 guidelines (ACI, 2013). The normalised lateral strength was 

                                                
3
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defined as in case of diagonal FRP laminates, thus neglecting the flexural strength increase 
provided by the FRCM reinforcement (Parisi et al., 2011; ACI, 2013). The in-plane shear 
capacity of the FRCM-strengthened wall was computed according to Babaeidarabad et al. 
(2014) and ACI (2013), where the FRCM contribution is considered only after the occurrence 
of masonry cracking as follows: 

 
2
=

f fv

f

u

nA l f
V

N
  (8) 

where: n is the number of FRCM layers; Af is the area of the fabric reinforcement by unit wall 
length; l is the wall length; ffv is the tensile strength of the FRCM composite. The latter is 

defined as ffv = E'f efv where: E'f is the tensile Young's modulus of the cracked FRCM 

composite and it is assumed equal to the average value from experimental tests; efv is the 

tensile strain in the FRCM shear reinforcement. Such a strain is assumed to be efv = efu Ò 

0.4%, being efu the ultimate tensile strain of the FRCM composite. That ultimate strain was set 
equal to the average minus one standard deviation derived from tensile tests. ACI549-13 
provides an upper bound to the shear capacity provided by the FRCM reinforcement, namely 
50% of the as-built wall capacity. This design provision ensures an upper bound to the total 
force per unit width transferred to the masonry substrate. Additionally, a strength reduction 

factor for shear, fv, is set to 0.75. 
 
Uncertainty characterisation  
As FRP and FRCM systems are relatively new means of strengthening existing structures, 
much of the early work has been conducted in a deterministic fashion, especially when 
dealing with rehabilitation of masonry structures. Due to inherent uncertainties in material 
properties, geometrical dimensions, and capacity equations, the actual lateral capacity of an 
URM wall differs from its design (i.e., nominal) lateral capacity which is calculated based on 
nominal values. Estimating such lateral strength in probabilistic terms is the basis for the 
calibration of safety factors to be used in design of retrofit systems must necessarily be 
expressed in probabilistic terms because most, if not all, the factors affecting the lateral 
capacity of masonry walls are uncertain despite the values assumed in design. Currently, 
calibration of safety factors for codes and guidelines, particularly for innovative materials and 
strengthening systems, seems to be based mainly on engineering judgment rather than 
scientifically sound assessments. 
To assess the probability distribution of in-plane lateral strength for FRP- and FRCM- 
strengthened URM walls, 280 case-study walls were derived by varying: 
1) Wall geometry: this study considers tuff stone masonry walls obtained by varying the 

height h between 2 m and 5 m (with a step of 0.50 m) and the wall aspect ratio h/l between 
1 and 5 (with a step of 1). Transverse slenderness ratio h/t (i.e., the wall height to the 
thickness) is also varied between 5 and 20, with a step of 5, while h0 is assumed equal to 
0.5h. Such assumptions were based on a comprehensive review of past practice rules, 

historical documents, handbooks, and both past and current codes. 
2) Reinforcement type: double-side strengthening scheme consisting of (a) single-ply carbon 

FRP (CFRP) with diagonal layout or (b) single-ply carbon FRCM composite is considered. 
A Monte Carlo sampling procedure was applied to accomplish the capacity assessment, 
using an approach similar to Iervolino and Galasso (2012) and Galasso et al. (2014). 
Representative statistics and appropriate probability distributions for all basic resistance 
variables were selected from past studies. A literature review was carried out to select the 
statistical characterization for each random variable (RV) related to materials (i.e., properties 
of masonry, FRP and FRCM), geometry (i.e., section dimensions and reinforcement area), 
and models. Statistics and probability distributions are summarised in Table 1, where CoV is 
the coefficient of variation. All RVs were treated as stochastically independent. Possible 
correlation between masonry properties is under investigation by the authors. 
Uncertainty in masonry properties was modelled by assuming a Lognormal distribution for 
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uniaxial compressive strength fm, diagonal tension shear strength at zero confining stress tdt, 

and diagonal sliding shear strength at zero confining stress tsd. A Uniform distribution was 

assumed for friction coefficient ma. Results of a comprehensive statistical analysis of 
experimental data on mechanical properties of masonry were used as input in the Monte 
Carlo simulation. Experimental data were gathered from the online MAsonry DAtabase 
(MADA; Augenti et al., 2012). Similarly, FRP is a material that is subjected to variability in its 
own properties, particularly when it is manufactured on site using manual processes such as 
wet layup. Thus, data in terms of strength and modulus obtained from CFRP specimens that 
were fabricated during a case-study rehabilitation process itself are used here (Atadero et al., 
2005). In that study, all of the tested theoretical distributions (i.e., Weibull, Gamma, Normal 
and Lognormal) were found to be acceptable fits to experimental data. However, a Normal 
distribution is assumed here for simplicity. This assumption is well established in literature 
and in codes (e.g., in ACI guidelines). In the case of FRCM, the mechanical properties of 
carbon FRCM described in Babaeidarabad et al. (2014) and based on experimental data are 
used here. FRCM was composed of a sequence of one or four layers of cement-based 
matrix reinforced with dry-fibre fabrics. The fabric consisted of a balanced network of carbon-
fibre toes disposed along two orthogonal directions at a nominal spacing of 10 mm; the 
equivalent nominal fibre thickness was 0.048 mm. A Normal distribution is assumed for both 
modulus of elasticity and ultimate tensile strain of the FRCM samples. 
 

Table 1. Statistics and distributions of random variables 

Category System Variable Mean CoV [%] Distribution 

Material 

Masonry 

fm 

tdt 

tsd 

ma 

4.17 MPa 
0.23 MPa 
0.22 MPa 

0.54 

29 
31 
47 
27 

Lognormal 
Lognormal 
Lognormal 

Uniform 

FRP 
Ef 

efd 

70.4 GPa 
1.48% 

13.4 
18 

Normal 
Normal 

FRCM 
E'f 

efu 

69 GPa 
0.52% 

19 
21 

Normal 
Normal 

Geometry 

Masonry 

l 

h 

t 

Nominal value 
Nominal value 
Nominal value 

5 
5 
5 

Normal 
Normal 
Normal 

FRP 
rf 

tf 

0.02% 
1.10 mm 

ï 
5 

Deterministic 
Normal 

FRCM Af 0.05 mm
2
/mm ï Deterministic 

Model 

As-built masonry wall Vexp /Vtheor 1.02 5 Normal 

FRP-strengthened 
masonry wall 

Vexp /Vtheor 1.03 4 Normal 

FRCM-strengthened 
masonry wall 

Vexp /Vtheor 0.90 10 Normal 

 
Uncertainties in geometry (or fabrication, Nowak and Szerszen, 2003) account for the 
heterogeneity in dimensions of the structural element due to construction quality. The 
considered statistical parameters for URM walls are based on Xiao et al. (2012). The bias 
factor (i.e., the ratio of the sample mean to the reported nominal value) is assumed to be 
equal to 1.00 for length, height and thickness with a CoV = 5% for URM walls. A Normal 
model was assumed for all case-study sections. Each FRP strip was assumed to have a 

width corresponding to a reinforcement ratio rf = 0.02% (deterministic value) and a thickness 
normally distributed (Atadero et al., 2005). The area of FRCM (fibre area by unit width) was 
treated as a determinist property equal to 0.05 mm2/m (Babaeidarabad et al., 2014). 
Model (or professional, Nowak and Szerszen, 2003) uncertainties characterise the 
heterogeneity in sectional capacity estimation which is caused by design equations. In fact, 
such uncertainties are generally measured by comparing the lateral capacity obtained in 
experimental tests with the corresponding values obtained via analytical formulations. Model 
statistical properties are comprehensively documented in Prota et al. (2008) for both URM 
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walls and masonry walls strengthened with FRP laminates and in Babaeidarabad et al. 
(2014) for masonry walls strengthened with FRCM composites. The Normal distribution is 
typically used to represent these modelling factors, whose mean and CoV depend on the 
type of reinforcement. Table 1 outlines the ratio Vexp/Vtheor between experimental and 
theoretical lateral strength of the wall. 
 
Methodology  

The probability distributions and statistics for the normalised lateral strength, V , are 

determined using a Monte Carlo sampling procedure, employing the uncertainty 
characterization discussed above. To achieve this aim, the authors developed an ad hoc 
MATHWORKS-MATLAB® script. In particular, each case-study wall was defined by a set of 
nominal material strengths, nominal dimensions and strengthening system (FRP or FRCM). 

For each wall and N -level (assumed to be a deterministic demand parameter ranging 

between 0 and 1 with step 0.05), the following steps were carried out: 
 

1) Given the wall nominal characteristics, a set of material properties and dimensions was 

randomly generated from the statistical distributions of each variable that affects V  and 

discussed above. That set of material and geometrical properties, plus a randomly-

generated value of the model error, was used to estimate the wall theoretical capacity V . 

The latter was computed based on Eqs. (1)ï(13). 

2) This procedure was repeated 1,000 times, enabling the probability distribution of V  to be 

determined numerically. Then, the median and both 16% and 84% fractiles from that 
distribution were evaluated. A Shapiro-Wilk parametric hypothesis test (Mood et al., 1974) 
was performed to assess the assumption of Lognormal distribution for lateral capacity, 
conditional to a given axial load level. That hypothesis was not rejected with 5% 
significance level. 

3) Robust regression was employed to develop simplified equations for the median lateral 
strength of each case-study wall as a function of the axial load. It is emphasised that 
robust regression is a form of regression analysis designed to circumvent some limitations 
of traditional parametric and non-parametric methods. For instance, ordinary least 
squares are based on certain assumptions, such as a normal distribution of errors in the 
observed responses and homoscedasticity, i.e., the variance of the error term is constant 
for all values of the explanatory variables. If the distribution of errors is asymmetric - as in 
the present study - model assumptions are invalidated, and parameter estimates, 
confidence intervals, and other computed statistics become unreliable. 
 

Figure 1a gives an example of probabilistic limit strength domains for the case-study as-built 
wall discussed in previous section. Conversely, the lateral strength of that wall was 
disaggregated in terms of failure mode for each axial load level, as shown in Figure 1b. 
When a normalised axial load between 0.15 and 0.8 was considered, there were some cases 
of bed-joint sliding failure for the as-built wall. 
 

 

Figure 1. (a) Probabilistic limit strength domains of as-built walls; (b) disaggregation of lateral strength 


